Abstract Quantum coherence is the most fundamental feature of quantum mechanics. The usual understanding of it depends on the choice of the basis, that is, the coherence of the same quantum state is different within different reference framework. To reveal all the potential coherence, we present the total quantum coherence measures in terms of two different methods. One is optimizing maximal basis-dependent coherence with all potential bases considered and the other is quantifying the distance between the state and the incoherent state set. Interestingly, the coherence measures based on relative entropy and l 2 norm have the same form in the two different methods. In particular, we show that the measures based on the non-contractive l 2 norm is also a good measure different from the basis-dependent coherence. In addition, we show that all the measures are analytically calculable and have all the good properties. The experimental schemes for the detection of these coherence measures are also proposed by multiple copies of quantum states instead of reconstructing the full density matrix. By studying one type of quantum probing schemes, we find that both the normalized trace in the scheme of deterministic quantum computation with one qubit (DQC1) and the overlap of two states in quantum overlap measurement schemes (QOM) can be well described by the change of total coherence of the probing qubit. Hence the nontrivial probing always leads to the change of the total coherence.
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Introduction
Coherence is not only the essence of the interference phenomena but also the foundation of quantum theory [1] . It is almost directly or indirectly related to all the intriguing quantum phenomena. The most remarkable phenomena are quantum correlation including quantum entanglement. Both can be understood as the combination of the coherence and the tensor product structure of state space and play important roles in quantum information processing tasks (QIPTs) [2] [3] [4] [5] . In addition, it is also shown that quantum coherence has been widely applied in quantum thermal engine [6, 7] , biological system [8] and quantum parallelism [9] .
In quantum information, quantum feature such as entanglement [10] and quantum correlation [11] , due to the potential application in QIPTs, can be well quantified from the resource theory point of view. Recently, In the same manner a rigorous framework has been developed for the quantification of quantum coherence [12] . It points out that a good coherence measure should satisfy three conditions: 1) The incoherent states have no coherence; 2) (Monotonicity) Incoherent completely positive and trace preserving maps cannot increase the coherence, or the average coherence is not increased under selective measurements; 3) (Convexity) It is not increased under the mixing of quantum states. Meanwhile it also presented several good coherence measures. However, such coherence measures strongly depend on the choice of the basis. This means that a quantum state can have certain coherence in one basis, but it could possess more, less, or none coherence in the other basis. Even though such a basis-dependent quantification of quantum coherence is consistent with our intuitive understanding (such as the contribution of off diagonal entries of density matrix), this could only consider the partial contribution of coherence of a state, once one is allowed to freely select the basis. In particular, the change of basis is a quite easy thing or at a small price at practical scenarios. Taking the linear optics for an example, one can only rotate the wave plate to get to another framework [13] . Since quantum coherence can be understood as the useful resource, why not try one's best to extract it as many as possible? So it is natural to consider, with all potential basis taken into account, how much coherence a state possesses or what is the maximal coherence in a state.
In this paper, we present the total coherence measure to quantify all the contributions of the quantum coherence in a state. The most distinct feature of this measure is that it only covers the property of a state instead of the external observable (the choice of basis). We give several analytically calculable coherence measures in two different frameworks: optimization among all potential bases or quantifying the distance between the state and the incoherent state set. We find that all measures satisfy the mentioned three properties. In particular, one can find that the measure based on l 2 norm is also a valid candidate, even though the l 2 norm is not contractive. In addition, we find that the coherence measures based on relative entropy and the l 2 norm have the same result in the different frameworks. From the angle of the experimental detection, we give an explicit scheme to physically detect these measures. It is shown that such detections do not require reconstructing the full density matrix. As an application, we study the total coherence in the DQC1-like quantum probing schemes [14, 15] including the QOM [16] . As we know, DQC1-like quantum schemes show quantum speedup, but what the source of the speedup is remains open. Here instead of finding the exact source, we study what cost is needed to pay for such schemes. It is found that both the normalized trace in DQC1 and the overlap of two states in QOM can be well described by the change of the total coherence of the probing qubit. In other words, the nontrivial quantum probing always gives rise to the change of the total coherence. The paper is organized as follows. We first propose various total coherence measures; then we present the properties of these measures; and then we study the total coherence in the DQC1-like quantum probing schemes; Finally, we give a summary and discussions.
The total coherence measure
The classical coherence is usually characterized by the frequencies and the phases of different waves, but a good definition of quantum coherence stemming from the superposition of state (a single wave) depends not only on the state itself but also on the associated observable. The physical root of such a definition is that the measurement on the observable can reveal the interference pattern provided that the observable does not commute with the considered density matrix. In this sense, it is obvious that the coherence measure will have to depend on the framework (or basis) that the density matrix is given in [17, 18] . Therefore, there are naturally two ways to quantifying quantum coherence: one is based on the commutation, the other is based on the distance. Based on the former, Ref. [19] used the skew information to measure the coherence, and based on the latter, Ref. [12] proposed several measures. We also used l 1 norm to study the source of quantum entanglement [20] . Considering the potential classification of coherence of composite quantum system, we have provided a new angle to understand the geometric quantum discord, quantum non-locality and the monogamy of coherence [21] . Here we shall consider the maximal coherence with different bases taken into account, or the total coherence which a state could have. Therefore, a natural method to doing so is to maximize the basis-dependent coherence by taking into account all the potential bases. In addition, as mentioned before, the coherence can be embodied by the commutation between the state and some particular observable. Since we consider all potential bases or (observables), it is implied that the incoherent state requires that the density matrix should commute with all observables. The direct conclusion is that the incoherent state is the maximally mixed state 1n n with n denoting the dimension of the state and 1 n denoting the n-dimensional unity. So one can easily construct the coherence measure based on the 'distance' [9] . In the following, we will consider the coherence measures both by optimizing the basis and by the distance.
Coherence based on basis optimization.-With the different bases considered, we can define the total coherence based on the optimization of basis as follows.
where
denotes the diagonal matrix and · denotes some good norms or distance functions. For example, we can employ the l 1 norm, l 2 norm, relative entropy and so on. One can also use the trace norm and Fidelity, but the incoherent state σ U is usually not given by U ρU † ii , but some particular states in the incoherent set [12] . The skew information can also be employed, but no explicit incoherent state is required. In order to provide an explicit expression of the total coherence, next we will list some coherence measures by the particular choice of the "norms".
(1) l 2 norm could be the most easily calculable norm. But it is not contractive, so in many cases an unphysical result could appear [12] . In the current case, one will find in the paper that l 2 norm can be safely used to quantify the total coherence measure. Based on l 2 norm, we have
The minimum can be reached because there always exists the basis {|i } such that the diagonal entries of ρ are uniform.
(2) If we employ the relative entropy [9] , the total coherence can be given by
with S (ρ||σ) = T rρ log ρ − T rρ log σ denoting the relative entropy of ρ and σ. The minimum is also achieved by the basis subject to the uniform distribution of the diagonal entries of ρ.
(3) Based on skew information, we will have a different definition. The skew information [22] [23] [24] for a density matrix ρ and an observable K is given by
Based on the skew information, the total coherence can be defined by
where λ i is the eigenvalue of ρ. In particular, one can find that the minimum can always be reached when in the basis {|k } the diagonal entries of √ ρ are uniform. Why C I can quantify the coherence can be easily found as follows. Given a basis {|k }, ρ can be diagonalized by the basis {|k }, iff √ ρ, |k k| = 0 for all |k . So the skew information in the basis {|k } can quantify the coherence of ρ in this basis. Considering all the potential basis, the maximal C I naturally quantifies the total coherence as mentioned above. This definition should be distinguished from that in Ref. [19] where the coherence could depend on the eigenvalues of the observable.
l 1 norm of a matrix is defined by the sum of the absolute values of all the entries of the matrix. It is also a good norm even though it is not a unitary-invariant norm. With this norm, the total coherence can be given by C 1 (ρ) = max U i =j i| U ρU † |j , with the maximum reached when all the diagonal entries of U ρU † equal 1 n . However, because l 1 norm is not unitaryinvariant, the optimal result of C 1 (ρ) for a general ρ (especially in high dimensional Hilbert space) cannot be easily given. But one can find that C 1 is unitary-invariant, because the optimization compensates for it. In addition, the explicit expressions of the total coherence based on trace norm and the Fidelity can not be easily given because the nearest incoherent state can not be determined in general cases.
Coherence based on distance.-Since the completely incoherent state is 1n n , one can always define the total coherence based on the distance between a given state and 1n n . Using some (unitary-invariant) norms or distance functions · , we haveC
Since no optimization is included, all the coherence measures can be easily calculated so long as one selects a proper function · . For example, one can easily find the explicit form of the total coherence measureC (ρ) based on trace norm, Fidelity and so on. Here, we would like to emphasize the following several candidates.
(1) If the relative entropy is used, one can find
(2) If l 2 norm is selected, we havẽ
It is obvious that the total coherence measures based on the relative entropy and the l 2 norm have the same final expressions in the different frameworks. Because l 1 norm could be changed by a unitary operation, the coherence based on it has to take some optimization on the unitary transformations, that is,
. Here we would like to emphasize that our coherence measures actually are closely related to the purity. One knows that the purity of a state ρ is defined by P (ρ) = T rρ 2 . It is obvious that P = 1 for pure states and 1 n ≤ P < 1 for mixed state, based on which one can design many other similar quantities for purity such as 1 − S(ρ) and ( i √ λ i ) n with n ≥ 1 and so on. These purities reach maximum value for pure state and nonzero minimum value for maximally mixed states. Thus the presented total coherence can be regarded as a displacement on the purity. In this sense, we give the purity a new understanding by the coherence and vice versa.
One should note that our coherence measures are defined different from the basis-dependent coherence, so the criteria for a good measure should be different either. Next, we will list the useful properties that these measures satisfy, meanwhile they could form new criteria for a basis-independent coherence measure.
Properties
In what follows, we will list several good properties that our above total coherence measures satisfy. In particular, we will show that the coherence measure based on l 2 norm is still a monotone, even though it is not a contractive norm. This could provide great convenience for the future applications.
(I) Maximal for pure states and vanishing for incoherent states.-It is easy to find that all the coherence measures vanish for maximally mixed state 1n n and arrive at its maximal value for pure states. This can be well understood, since any pure state can be converted to a maximally coherent state by changing basis.
(II)Invariant under unitary operations.-The most obvious feature, based on the definitions, is that all these measures are invariant under unitary transformations.
(III)Convexity.-All the measures are convex. That is, the total coherence will not increase under mixing. This can be found from the fact that all the norms satisfy the triangle inequality. For the squared l 2 norm, one also needs to consider the convexity of the quadratic function. In addition, we know that the fidelity is strongly concave, the von Neumann entropy is concave and the skew information is convex, so this property can be easily proved.
(IV)Monotonicity.-This property will have different contents from that for the basis-dependent coherence measure. Just as in entanglement theory and coherence measure [12] , the definitions of entanglement monotone and coherence monotone require the non-entangling operations and the basis-dependent incoherent operations, respectively. Now let the incoherent operation be given in Kraus representation as $ K = K n | K † n K n = 1 . If we follow the rules of non-entangling operations and the basis-dependent incoherent operations the elements of which cannot generate entanglement or coherence, one can easily find that K n should be a unitary transformation neglecting a constant (corresponding to probability). Therefore, here the incoherent operations can be rewritten as $ U = U n | p n U † n U n = 1,U † n U n = 1 . A simple algebra can show that the average total coherence equals the total coherence of the original state before the operation, but the total coherence of the final state after the operation will not be increased due to the convexity. We would like to emphasize that the coherence measure based on l 2 norm also satisfies this property, so it can be used safely.
(V) Coherence doesn't increase under the special POVM.-This is another interesting property for the total coherence. Let's consider such an operation that is given in Kraus representation as
One can find that this operation can not create any coherence from the incoherent state 1n n , even though the single element such as K n may produce coherence. Therefore, the average total coherence could be increased by $ I . However, it is interesting that the total coherence of the final state (the final ensemble generated by $ I on the original state) after this operation can not be increased. This conclusion may be drawn from the fact that all the above employed quantifications but l 2 norm are contractive. However, one can also prove that this property is satisfied for the case of l 2 norm. The proof is given as follows.
T rρ
2 , we will have
This shows that the total coherence based on l 2 norm is not increased under the operation $ I either.
Measurable total coherence
In the above sections, we mainly consider the mathematical approaches to measuring the total coherence. How can we directly measure the coherence experimentally? In fact, one can note that the presented measures can be expressed by the function of the eigenvalues of the density matrix ρ, for example, Eqs. (2, 3, 4, 6, 7) . Since the eigenvalues of a density can be directly measured ( for example, the schemes for the measurable entanglement and discord [25] [26] [27] ), our presented coherence can be naturally determined. However, for integrity and the latter use, we would like to briefly describe the concrete implementation. Since T rρ n = N i=1 λ n i for any N -dimensional density matrix ρ, one can only set n = 1, 2, · · · , N , respectively, and experimentally measure T rρ n . In this way, we can get N equations depending on the N eigenvalues. In principle, all the eigenvalues can be determined by solving these equations. In order to do so, we can define the generalized swapping operator as V n |ψ 1 , ψ 2 , · · ·, ψ n = |ψ n , ψ 1 , ψ 2 , · · ·, ψ n−1 . With the swapping operator one can find T rρ n = T rV n ρ ⊗n . Thus one can first prepare a probing qubit
(|0 + |1 ) and n copies of measured state ρ. Then let the n + 1 particles undergo a controlled V n gate, i.e., 1 2 ⊕ V n with the probing qubit as the control qubit. Finally, the σ x measurement is performed on the probing qubit and the probability of obtaining ±1 will be 1±T rρ n 2 which is as expected. The quantum circuit is shown in Fig. 1 . Hence, generally speaking, all the coherence measures can always be obtained by measuring N − 1 V n with at most N copies of the state ρ. However, for the coherence measure based l 2 norm, one can find that the measurement scheme becomes quite simple, because it can be directly obtained by only measuring V 2 with only 2 copies of ρ, which does not depend on the dimension of the measured density matrix. This is akin to the overlap measurement scheme [16] . Fig. 1 (color online) The circuit for the scheme of measurable total coherence and the similar probing scheme. This is a generalized QOM with U = Vn. For the quantum probing scheme, the initial state of the probing qubit is given by ρp and the initial state ρ 1 ⊗ρ 2 · · · ρn is usually replaced by some density matrix ρs. In DQC1 scheme, ρs = 1 N N with N = 2 n .
The cost of DQC1-like quantum probing schemes
Here we consider the DQC1-like quantum probing schemes which include the above mentioned QOM [16] and the remarkable DQC1 schemes [14, 15] . The features of this kind of schemes are (i) a probing qubit is used to extract the information from the quantum system; (ii) the cost of the probing does not depend on the probed quantum systems (or the dimension of the input state space), once the system has been designed. The quantum circuit can be sketched as Fig. 1 , where a probing qubit is sent to the probed quantum system, and the interaction between the probing qubit and the system is usually provided by one or several controlled-U operations. It is shown that there exists quantum speedup in the schemes [14, 15] , but the essence of this speedup is neither entanglement nor discord between the probing qubit and the probed qubits [14, 28, 29] . Most people could think that the coherence as the candidate should be an intuitive physics, but no quantitive description has been presented up to now. Here we will do such a job by proving a weak result that nontrivial probing needs the existence of coherence.
For generality, we set the probing qubit to be given by
where P is a real 3-dimensional vector with |P| ≤ 1 and − → σ denotes the vector made up of the 3 Pauli matrices. Suppose that the probed n-dimensional density matrix is denoted by ρ s . So the controlled-U operation will lead to the final state as
with H the Hadamard gate. Thus the final density matrix of the probing qubit becomes
In order to guarantee that this probing scheme works, it is required that P 2 and P 3 do not vanish simultaneously. Similarly, if we want to use U operation to probe information of ρ s , U should not be the identity. Based on Eq. (2) and Eq. (10), one can easily obtain the total coherence based on l 2 norm for ρ p and ρ pf as
So the change of the total coherence can be given by
with the subscript U denoting the change of the total coherence induced by the controlled-U operation. Thus ∆C U is closely related to the evaluation of this quantum probing scheme. From the point of probing qubit of view, the cost of the probing qubit is that the total coherence changes ∆C U for such a task. Generally, if U is an identity which means we do nothing in the scheme, one will see that ∆C U = 0. For the general DQC1 where P 1 = P 2 = 0 and
2 which is consistent with Ref. [30] . For the QOM where P 1 = P 2 = 0, P 3 = 1 and ρ s = ρ 1 ⊗ ρ 2 , one can immediately find that
by the overlap of ρ 1 and ρ 2 .
In fact, the above probing schemes maybe include more unitary operations denoted by U i (Here we mainly consider the controlled-U operations, and the unitary operations separately performed on the probing qubit and the probed quantum state. In particular, it is more reasonable to consider all the operations given by the basic quantum logic gates.). We would like to define the cost of such a scheme C as the sum of the changes of the total coherence of the probing qubit. That is,
with k taking all the unitary operations. In particular, one should note that ∆C k ≥ 0 for any k based on Eq. (15) . Therefore, generally speaking, the more operations are used, the more cost is paid. In particular, C will not vanish if the probing scheme only includes two unitary operations such as U and U † . This should be distinguished from the scheme which only includes a single identity operation. This difference can be understood in the frame of basic logic gates. That is, suppose U and U † are given by a series of logic gates, the qubits through them will have to undergo the corresponding 'dynamical evolution', even though at the final moment the original state is recovered. On the contrary, a direct identity operation (we mean no logic gates), no such an 'evolution' is needed. In this sense, the subscript k in Eq. (15) taking all the covered logic gates could be more reasonable, but it will lead to more complicated calculations because how to construct a given operation by logic gates has to be considered.
Finally, one can find that the coherence measures given by Eqs. (3, 4) are described by the eigenvalues of the density matrix. In the above probing scheme, one can easily calculate that the eigenvalues of the density matrix ρ pf are the functions of P 2 2 + P 2 3 |T rρ s U | 2 . Hence we can always find what the cost C is for the different measures which we can choose. In particular, it can be shown that C is directly related to P 2 2 + P 2 3 |T rρ s U | 2 . To sum up, C vanishes if and only if the probing scheme is trivial. In this sense, we think that C can be understood as the cost of such a probing scheme.
Discussion and conclusion
We have studied the total coherence of a quantum state and presented several coherence measures which are independent of the basis. It is shown that all the presented measures especially including the measure based on l 2 norm satisfy all properties such as the monotonicity. This actually provides a very convenient tool for the relevant researches due to the simple form of l 2 norm. In particular, we have shown that the total coherence measures based on the relative entropy and the l 2 norm have the same expression by optimizing the basis or by quantifying the distance. In addition, for integrity, the experimental schemes for the detection of coherence are also briefly introduced. Finally, we study the total coherence in the DQC1-like quantum probing schemes. It is shown that both the normalized trace in DQC1 and the overlap of the two states in QOM can be well described by the change of the total coherence of the probing qubit. In other words, all the nontrivial probing schemes have to lead to the change of the total coherence. Therefore, this change can be understood as the cost of implementing such a probing scheme. This could motivate a new platform to study the essence of the speedup of mixed-state quantum computing.
